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Abstract 
Rogers Jr, J.T., Classifying homogeneous continua, Topology and its Applications 44 (1992) 
341-352. 
The study of homogeneous continua has been the most active area of continua theory in the 
1980’s. Earlier in the decade we proposed a classification of homogeneous continua. This paper 
will review that classification, report some recent progress toward achieving the classification, 
and suggest areas where breakthroughs appear imminent. 
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The classification of homogeneous continua has been the most active area of 
continua theory in the 1980’s. During this time, Bellamy, Hagopian, Krupski, 
Kuperberg, Lewis, Oversteegen, Prajs, Tymchatyn, and the author have contributed 
new and important results toward this classification. 
In a survey talk in 1983, the author [25] proposed a complete classification of 
homogeneous curves and a strategy to prove that all homogeneous continua of 
dimension n > 1 are aposyndetic. In this survey, six years later, we review that 
proposed classification and report the intervening progress. 
In broader strokes than the classification that follows, we could choose the 
following four questions from [25]: 
Question A. Is each aposyndetic, nonlocally connected, homogeneous curve the 
total space of a Cantor set bundle over the Menger universal curve? 
Question B. Does each homogeneous, cyclic, indecomposable curve X that is not 
a solenoid admit a continuous decomposition by tree-like, homogeneous curves so 
that the resulting quotient space is a solenoid? 
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Question C. Are acyclic, homogeneous curves tree-like? 
Question D. Are tree-like, homogeneous curves pseudo-arcs? 
Why do we choose these four questions ? If the answer to each of these four 
questions is yes, then we can classify homogeneous curves according to the following 
scheme: Each homogeneous curve would be 
(1) a simple closed curve or a Menger universal curve, or 
(2) the total space of a Cantor set bundle over a type (1) curve, or 
(3) a curve admitting a continuous decomposition into pseudo-arcs such that the 
quotient space is a curve of type (1) or (2), or 
(4) a pseudo-arc. 
The author answered one of these questions in [30]. 
Theorem. An acyclic, homogeneous curve is tree-like; hence Question C has an a&ma- 
tive answer. 
If we could answer the other three questions affirmatively as well, then we would 
have completed the classification of homogeneous curves. Of course, a negative 
answer to one of these questions would mean there are additional homogeneous 
curves and the classification must be refined. 
The four tables in this paper summarize the information known about certain 
classes of homogeneous continua. At the bottom of each column in the table, we 
list the examples of a type of homogeneous continuum, and above that we list some 
of its properties. From the last column of Table 1, for instance, we infer that the 
pseudo-arc is the only known (nondegenerate) nonseparating, indecomposable, 
homogeneous plane continuum, and that any new example must be tree-like, 
hereditarily indecomposable, and weakly chainable, as well as have span zero. An 
asterisk in a column means that we know all the examples in that class. From the 
first column of Table 1, for instance, we infer that S’ and a point are the only locally 
connected, homogeneous plane continua. 
The references in this paper are mainly to works that have appeared over the last 
six years. For history, references to earlier work, and explanations of unfamiliar 
concepts in this paper, the reader should consult [25]. 
1. Accordions 
We begin by constructing some examples, so the reader has a model for the 
decompositions to follow. A full description of these models is given in [22]. 
Example 1.1. Consider the product of the standard Cantor set and the closed interval 
[0, l] as a subset of the plane. Add to this some horizontal line segments as indicated 
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in Fig. 1. The first such segment joins (l/3,0) and (2/3,0). The next two segments 
join (l/9, 1) to (2/9,1) and (7/9, 1) to (S/9, l), respectively. Continue to alternate 
the horizontal segments between the top and the bottom according to the length of 
the gaps of the Cantor set. Call this continuum A,. 
Shrink the horizontal line segments of A, to points to get another continuum A,. 
This continuum is called the Cajun accordion. Both of these continua are chainable, 
and both of these continua admit a map onto the interval [0, l] whose fibers are 
precisely the arc components of the continuum (recall the standard map of the 
Cantor set onto the interval [0, 11). 
Example 1.2. Double the Cajun accordion by identifying the two end arcs to get 
the zydeco accordion pictured in Fig. 2 (one can best appreciate the terminology 
here after an evening at the Maple Leaf Club in New Orleans). 
The zydeco accordion is a circle-like continuum used as a prototype for the 
construction of homogeneous plane continua [22]. A countable number of decompo- 
sition elements are V’s; the rest are straight line segments. The decomposition into 
arc components yields a circle. 
In the next section we shall seek decompositions such that every fiber behaves 
like a straight line segment, and none behaves like a V. 
(a) 
(b) 
Fig. 1. (a) (Cantor set x[O, 11) v horizontals. (b) Shrink horizontals to points to get Cajun accordion. 
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Fig. 2. Zydeco accordion. 
2. Aposyndetic decompositions 
A continuum is a compact, connected, nonvoid metric space. A curve is a one- 
dimensional continuum. 
A space X is homogeneous if, for each pair of points x and y of X, there exists 
a homeomorphism of (X, x) onto (X, y). 
A continuum X is decomposable if it is the union of two of its proper subcontinua; 
otherwise X is indecomposable. A continuum is hereditarily indecomposable if it does 
not contain a decomposable continuum. A pseudo-arc is a chainable, hereditarily 
indecomposable continuum. 
A continuum M is aposyndetic at x with respect to y if M contains an open set 
G and a subcontinuum H such that x E G c H c M -{y}. Each locally connected 
continuum is aposyndetic, and each aposyndetic continuum is decomposable. The 
reverse implications are not necessarily true. 
For each x in M, let 
L, = {x} u {z: M is not aposyndetic at z with respect to x}. 
L, is always a subcontinuum of M. If M is indecomposable, then L, = M, for all 
x. If M is decomposable, then Lx is a proper subcontinuum of M, for some x. Jones 
has used the Lx’s to fashion an important decomposition theorem for homogeneous, 
decomposable continua. 
Aposyndetic Decomposition Theorem. Let M be a homogeneous continuum such that 
M is decomposable. If G = {L,: x E M}, then 
(1) the collection G is a monotone, continuous decomposition of M, 
Classifying homogeneous continua 345 
(2) the nondegenerate elements of the decomposition are mutually homeomorphic, 
cell-like, indecomposable, homogeneous continua of the same dimension as M, 
(3) the quotient space is a homogeneous continuum, and 
(4) the quotient space is an aposyndetic continuum. 
In the case M is planar, the quotient space is homeomorphic to S’. This fact, 
together with several other important theorems, has pretty much reduced the study 
of homogeneous plane continua to the problem of answering the following question: 
Question 1. Is each homogeneous, nonseparating plane continuum a pseudo-arc? 
(See Table 1.) 
Valiant attempts to solve this problem have been made in the last six years, and 
even today rumors of its solution abound, but at this writing the question remains 
open. 
Table 1. Homogeneous plane continua 
Quesfion 1. Homogeneous, tree-like plane + pseudo-arc? 
Decomposable Indecomposable 
* * * 
Locally Aposyndetic Not aposyndetic Separating Nonseparating 
connected not locally 
connected 
Point 
S’ 
(d Circle of nonseparating 4l Tree-like 
Hereditarily 
indecomposable 
Span = 0 
Weakly chainable 
Point 
S’ 
II Circle of pseudo-arcs fi Pseudo-arc 
3. Decomposable homogeneous curves 
Because of the Aposyndetic Decomposition Theorem, the collection of 
homogeneous, decomposable curves can be divided naturally into three disjoint 
subcollections - locally connected, aposyndetic but not locally connected, and not 
aposyndetic. We call these Type 1, Type 2, and Type 3, respectively. We ask the 
following questions: 
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Question 2. Type 2 + bundle over M with fiber = Cantor set? 
Question 3. Type 2 + inverse limit of M’s and maps? Fibrations? Covering maps? 
Question 4. Type 2 1 arc? 
Question 5. Type 2 + retracts onto a solenoid? 
Type 1 curves are completely understood; Anderson has shown the Menger curve 
M and S’ are the only ones. 
There are no Type 2 curves in the plane; in E’, however, Type 2 curves can be 
constructed as Cantor set bundles over the Menger curve. We still need a good 
entry for the blank slot in Table 2 under Type 2 curves. 
Jones’ theorem allows us to put off the study of Type 3 curves until we understand 
curves of Types 1, 2, and 6. In the next section we discuss the progress recently 
made in trying to do a similar thing for cyclic, indecomposable curves. 
Table 2. Decomposable homogeneous curves 
Question 2. Type 2 + bundle over M with fiber = Cantor set? 
Question 3. Type 2 + inverse limit of M’s and maps? Fibrations? Covering maps? 
Question 4. Type 2 1 arc? 
Question 5. Type 2 =? retracts onto a solenoid? 
* 
Type 1 
Locally 
connected 
Type 2 
Aposyndetic, 
not locally connected 
Type 3 
Not aposyndetic 
S’ 
M 
? Jones’ Aposyndetic Decomposition Theorem 
Each Type 3 curve admits a continuous 
decomposition into Type 6 curves with Quotient Type 
1 or2 
S’ 
M 
Inverse limits of M’s and 
covering maps 
II 
Cantor set bundles over M 
All Type 1 and 2 curves can be realized as 
decompositions of Type 3 curves into pseudo-arcs 
4. Indecomposable homogeneous curves 
A curve is cyclic if its first tech cohomology group with integral coefficients does 
not vanish; otherwise it is acyclic. A curve is cyclic if and only if it admits an 
essential map onto S’. 
A curve is tree-like if it admits finite open covers of arbitrarily small mesh whose 
nerves are trees. A curve is tree-like if and only if it has trivial shape. A tree-like 
curve is acyclic. 
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The collection of homogeneous, indecomposable curves can be divided into three 
disjoint subcollections - cyclic, acyclic but not tree-like, and tree-like. We call them 
Type 4, Type 5, and Type 6, respectively. 
Solenoids and solenoids of pseudo-arcs are the only Type 4 curves known. No 
Type 5 curve is known, and the pseudo-arc is the only Type 6 curve known (see 
Table 3). We asked the following questions in [25]. 
Table 3. Indecomposable homogeneous curves (1983) 
Question 6. Type 4 =+ solenoid or there exists a continuous decomposition 
into Type 6 curves such that quotient = solenoid? 
Question 7. Type 5 = c?? 
Question 8. Type 6 hereditarily indecomposable? Pseudo-arcs? Weakly 
chainable‘? Span = O? Fixed-point property? Hereditarily equivalent? 
Type 4 
Cyclic 
‘) 
Type 5 
Acyclic, not tree-like 
? 
Type 6 
Tree-like 
‘7 
Solenoid 
Solenoid of 
pseudo-arcs 
‘I Pseudo-arc 
Question 6. Does each Type 4 curve that is not a solenod admit a continuous 
decomposition into Type 6 curves so that the resulting quotient space is a solenoid? 
Question 7. Is the set of Type 5 curves empty? Equivalently, does trivial cohomology 
imply trivial shape, for homogeneous curves? 
Question 8. Are Type 6 curves hereditarily indecomposable? pseudo-arcs? weakly 
chainable? hereditarily equivalent? Do they have span zero? the fixed-point 
property? 
In 1983, there were four slots in Table 3 filled with question marks. We can now 
make a significant entry in each slot because of the following results. 
Krupski and Prajs [ 1 l] have made a major breakthrough for Type 6 curves within 
the last three years. They have answered an old question of R.H. Bing by showing 
that Type 6 curves are hereditarily indecomposable. Hence part of Question 8 is 
answered, and we can place some important information in the slot under tree-like 
curves. 
Oversteegen [ 17,181 has obtained some very good results concerning the problem 
of determining when a tree-like continuum is chainable. He has shown, for example, 
that all continua with zero span that are the image of a chainable continuum under 
an induced map are chainable [18]. 
In [30] we show how a consideration of the geodesic laminations associated with 
a pseudo-Anosov homeomorphism leads one to use the hyperbolic plane to study 
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continua. In particular, we provide criteria involving the hyperbolic plane to distin- 
guish curves with nontrivial cohomology from those with trivial cohomology but 
nontrivial shape. This leads to the theorem that acyclic homogeneous curves are 
tree-like. In particular Question 7 has an affirmative answer, and we can enter two 
empty sets in the middle column of Table 4. 
Table 4. Indecomposable homogeneous curves (1990) 
Question 6. Type 4 3 solenoid or there exists a continuous decomposition into Type 
6 curves such that quotient = solenoid? 
Quesrion 7. Type 5 = (d? Yes. 
Question 8. Type 6 hereditarily indecomposable? Yes. Pseudo-arcs? Weakly chainable? 
Span = O? Fixed-point property? Hereditarily equivalent? 
* 
Type 4 Type 5 Type 6 
Cyclic Acyclic, not tree-like Tree-like 
Terminal decomposition ti Hereditarily indecomposable 
Solenoid ti Pseudo-arc 
Solenoid of pseudo-arcs 
Finally, in [31], we prove the Terminal Decomposition Theorem, which gives us 
the analogue to the Aposyndetic Decomposition Theorem. This is roughly half the 
answer to Question 6; intuitively the decomposition is the one we seek, but so far 
we are unable to prove the quotient space is a solenoid. We consider this further 
in the next section. 
5. Decompositions for indecomposable continua 
How can we get an “aposyndetic decomposition” for indecomposable continua? 
If x is a point of the indecomposable continuum M, then Lx = M, and so the 
aposyndetic decomposition itself is the trivial one yielding a degenerate quotient 
space. Something else must be tried. 
A subcontinuum Z of M is terminal in M if each subcontinuum Y of M that 
meets Z satisfies either Y c Z or Z c Y. If M is the topologist’s sin- l/x curve, 
then the limit bar is a terminal subcontinuum of M. Each point of a continuum is 
a terminal subcontinuum. All subcontinua of a herditarily indecomposable con- 
tinuum are terminal subcontinua. 
Implicit in the proof of Jones’ decomposition for a decomposable, homogeneous 
continuum X is the fact that 
{L,: x E X} = {Z: Z is a maximal, terminal proper subcontinuum of X}. 
The idea for an indecomposable continuum M is to decompose M by maximal, 
terminal proper subcontinua. Of course the following question arises immediately: 
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Must an indecomposable homogeneous curve contain a maximal, terminal proper 
subcontinuum? The answer is no, since the pseudo-arc is homogeneous. 
The answer is yes, however, for cyclic homogeneous curves, and the proof is quite 
interesting. Here is an outline. 
If M is a homogeneous, cyclic curve, then M can be embedded in S’ x D, where 
D is a 3-cell, so that the inclusion map is not homotopic to a constant map. Let 
p : R x D+ S’ x D be the usual covering space, and let &? = p-‘(M). 
We show that each component K of 6 is homogeneous and unbounded in both 
the positive and negative directions. Compactify K with the two-point set {*CO}. 
We show that continuum K = K u {*CO} admits an aposyndetic decomposition and 
that L,= {CO} and L_,={-a}. We push the decomposition elements of K down- 
stairs and show they fit together to yield the following decomposition theorem [31]: 
Terminal Decomposition Theorem. Let M be a homogeneous curve such that H’(M) # 
0. If G is the collection of maximal terminal proper subcontinua of M, then 
(1) the collection G is a monotone, continuous, terminal decomposition of M, 
(2) the nondegenerate decomposition elements of G are mutually homeomorphic, 
hereditarily indecomposable, tree-like, terminal, homogeneous continua, 
(3) the quotient space is a homogeneous curve, and 
(4) the quotient space does not contain any proper, nondegenerate terminal subcon- 
tinuum. 
A decomposable, homogeneous continuum is aposyndetic if and only if it does 
not contain any proper nondegenerate terminal subcontinuum. Thus (4) of the 
Terminal Decomposition Theorem and (4) of the Aposyndetic Decomposition 
Theorem are saying the same thing when the homogeneous curve M is both 
decomposable and cyclic. 
6. New results and imminent breakthroughs 
One other question from [25] has been completely answered. Kuperberg [ 131 has 
constructed an ingenious example of a homogeneous continuum X that is not 
bihomogeneous (X contains a pair of points x and y such that no homeomorphism 
h : X + X satisfies both h(x) = y and h(y) = x). Hence Question 16 of [25] has a 
negative answer. 
Surprisingly, not much progress has been made in answering Question 12 of [25]: 
Is every homogeneous, nondegenerate, indecomposable continuum one- 
dimensional? The author has shown the answer is yes if the continuum is hereditarily 
indecomposable. In fact he has several different proofs of this theorem [24,28], but 
so far none of them sheds any light on the more general question. Hagopian [7] 
has shown that any counterexample must contain a triod. Further progress here 
should be possible. 
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Krupski [9] has shown that homogeneous continua are Cantor manifolds. Prajs 
[21] has shown that homogeneous continua in _!?“+I that contain an n-cell are locally 
connected; this extends a planar theorem of Bing. 
The pseudo-arc is the only homogeneous arc-like continuum. The circle and the 
circle of pseudo-arcs are the only homogeneous, separating planar, circle-like 
continua, and the solenoids and solenoids of pseudo-arcs are the only homogeneous, 
nonplanar, circle-like continua. This is the beginning of a classification of 
homogeneous continua according to the graphs used in their inverse limit representa- 
tions. 
A curve is simply cyclic if it is an inverse limit of graphs each of which contains 
only one cycle. Continuing this sort of classification, the author [33] has proved 
that each simply cyclic, homogeneous curve that is not tree-like either is a solenoid 
or admits a decomposition into mutually homeomorphic, tree-like, homogeneous 
curves with quotient space a solenoid. More along this line should be possible. 
(Added: August, 1990. A curve is said to be finitely cyclic if it is the inverse limit 
of graphs of genus s k, where k is some integer. Krupski and the author [ 121 have 
proved that each finitely cyclic, homogeneous curve that is not tree-like either is a 
solenoid or admits a decomposition into mutually homeomorphic, tree-like 
homogeneous curves with quotient space a solenoid. Since the Menger curve is 
homogeneous, the restriction to finitely cyclic curves is essential. 
A curve is said to be k-junctioned if it is the inverse limit of graphs each of which 
has at most k branchpoints. Duda, Krupski, and the author [S] have proved that a 
homogeneous, k-junctioned curve must be a pseudo-arc, a solenoid, or a solenoid 
of pseudo-arcs.) 
Finally, more about Type 2 and Type 4 curves should be forthcoming if one could 
detect the right embedding of such a curve into F x 0, where D is a 3-cell and F 
is a closed, hyperbolic surface of sufficiently high genus. 
7. Last section 
A compacturn is a Cantor set of pseudo-arcs if it admits an open map onto a 
Cantor set with pseudo-arcs as the fibers. In the last section of [25], we used a 
theorem of Dyer and Hamstrom to prove that a Cantor set of pseudo-arcs is 
homeomorphic to the product of a Cantor set and a pseudo-arc. 
A more general result is implicit in this technique, and it deserves to be mentioned 
explicitly. First we quote the zero-dimensional version of the Dyer-Hamstrom 
theorem [6]. 
Theorem 7.1. Let f: X + Y be a completely regular mapping between compacta. Let 
f-‘(y) be homeomorphic to the compactum M, for ally in Y. Zf dim Y = 0, then X is 
homeomorphic to Y x M. 
CIassifying homogeneous continua 351 
A surjective map f: X + Y between metric spaces is said to be completely regular 
if, for each E > 0 and point y in Y, there exists a 6 > 0 such that d(y, y’) < 6 implies 
there exists a homeomorphism of f-‘(y) onto fP’(y’) moving no point as much 
as F. 
If X is a homogeneous compactum, then the decomposition space Y obtained 
by shrinking the components of X to points is homogeneous and zero-dimensional, 
and the quotient map is completely regular (see, for instance, the proof of Theorem 
3 of [23]). Hence we have the following result. 
Theorem 7.2. Each homogeneous compactum X is homeomorphic to M x Y, where M 
is one of the components of X, and Y is a homogeneous zero-dimensional compactum. 
In particular, Y is either a jinite set or a Cantor set. 
Mislove and Rogers [34, Theorem 2.41 or [35] have another technique that can 
be used to prove Theorem 7.2. Aarts and Oversteegen [l] have generalized Theorem 
7.2 by replacing “compactum” by “locally compact separable metric space” in both 
hypothesis and conclusion. 
A compact metric space (X, d) is said to have the Efros property if, for every 
E > 0, there exists a 6 > 0 such that if d (x, y) < 6, for two points x and y of X, then 
there is an e-homeomorphism h from X onto itself such that h(x) = y. Zhou [36] 
has used a decomposition technique to determine when a compacturn with the Effros 
property must be homogeneous. 
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